
PROPERTIES OF e 

e  is an extremely important mathematical constant.  Like , it is an irrational number – 

that means that it cannot be written as a fraction (one whole number over another),  and 

that, if you attempt to write it as a decimal, it does not terminate or recur. 

e is approximately 2.7183…, and it is named e in honour of the 18th century Swiss 

mathematician Leonhard Euler (pronounced Oiler). 

In this document, I shall attempt to explain some of the properties of e, so that you can 

see why it is such an important number. 

The Interest Question 

Imagine investing £1 at 100% per annum.  After 1 year, you have £2 in the bank.  Now 

imagine that another bank offers 50% interest, applied every six months.  This will leave 

you with £2.25 after a year – more money!  A third bank offers 25% interest quarterly.  

This will give you £2.44 after a year.  These amounts rise, but do not get infinitely big.  If a 

bank offers to give you (100/365)%  interest every day, you will end up with £2.71(457) 

If the interest is worked out a million times in the year, you still only get £2.718280469…  

at the end of the year.  This number is very close to e.   

As a formula, e is the limit of (  
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 as n tends to infinity. 

The Slot Machine Problem 

Suppose that you play a slot machine, which pays out 1 time in 10, and that you play it 10 

times.  The probability that you will win nothing is around 0.349 

If you now play a slot machine which pays out 1 time in a 1000, and you play it 1000 

times, the probability that you win nothing is about 0.368 

If the machine pays out 1 time in n, and you play it n times, the probability that you win 

nothing gets closer to 1/e, as n increases.  (1/e is about 0.367879…) 

The Shuffling Problem 

Suppose you have 100 numbered raffle tickets, and that you shuffle them, and then lay 

them out in order.  What is the probability that none of the tickets is in the correct place, 

e.g. ticket 3 is in the 3rd place, and so on?   The answer is also 1/e, as n gets big. 

Calculus 

Most people first encounter e when doing calculus.  Can you draw a curve, so that the 

 y-value = the slope, at all points?  A trivial answer is the line y = 0, (the x-axis), where the 



y-value and the slope are zero at all points.  The only non-trivial answer is to draw the 

graph of y = e x .  The slope of this function is the same as y, for all values of x.                               

 

 

Thus we arrive at this table: y is the original function, and y is the derivative, or gradient 

function. 

 

y y 

X 2 2x = 2x 1 

X 1 = X 1 = x 0 

X 0 = 1 0 

X -1 -x -2 

X -2 -2x -3 

X -3 -3x -4 

 

 

 

There is a very simple series for e: 

e =   
 

  
 

 

  
  

 

  
             

y = e x 

e also arises when considering differentiation 

and integration.  Think of the function y = x n 

We will mostly be thinking of n as an integer. 

What is the gradient of the function y = x 4, for 

example?  It turns out that it is 4x 3.  The rule 

is, that to differentiate a function of this sort, 

you bring down the exponent, and stand it at 

the front, then reduce the exponent by 1. 

Going from the right-hand column to the left is 

called integration.  We can use integration to find 

the area under a curve. 

As you can see, the function y = x -1 does not 

appear in the right hand column.  What is the 

integral of 1/x? 

The answer is that it isn’t a power of x – it is in fact 

ln x, where ln is the natural log, i.e. the log worked 

out using the base e. 

Finally, don’t forget that the number of primes 

less than n is approximately  
𝑛

ln 𝑛 
 

 


